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Turbine blades experience complex loading interactions induced by centrifugal loads, 

thermal loads, and vibration loads, which lead to the combined high and low cycle 

fatigue (CCF) failure. Considering the significance in acquiring sufficient data for 

reliability assessment, it may be imprecise to consider the load and strength as random 

variables. To deal with the issue, material parameters and working loads involved 

should be regarded as random variables, like high cycle fatigue stress and low cycle 

fatigue stress as well as material strength. Hence, the dynamic reliability model with 

strength degradation is developed based on conventional stress-strength interference 

theory to investigate the reliability of turbine blades under CCF loading conditions. The 

validation of the established model is performed by a numerical example, and the results 

indicate that the proposed model considering strength deterioration is in good 

coincidence with engineering practice. 

 

1. Introduction 

For gas turbine blades with complex structure and harsh 

loading environment, it is of great significance to ensure the 

structural integrity and operational reliability [1,2]. As one 

of the commonly used methods, the stress-strength 
interference (SSI) model is a typical tool for conducting the 

static reliability analysis which ignores the randomness and 

dynamic characteristics of applied loads and material 

strength over the application of loads or working time [3]. 

Currently, investigations on stochastic reliability problem 

have been performed [4, 5]. In addition, increasing attentions 

have been paid for dynamic reliability analysis by 

considering the random uncertainness of material, applied 

load, environment, and production.  

Generally, there exist plenty of uncertain phenomenon in 

engineering reliability field so that the fatigue reliability 
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models would offer more accuracy and reasonable result 

with the uncertainties considered, like material parameters, 

applied loads, environment, and product, and so forth. Wang 

et al. [6] developed a time-dependent reliability model with 

respect to random load application for multiple times using 
SSI theory. Based on the previous investigations, the 

reliability of turbine components shown a more rational 

result by regarding the load and strength as random variables 

[7, 8]. Wang et al. [9] established a dynamic reliability model 

under multilevel random loads by using the moment method. 

Fei et al. [10] presented an extreme response surface method-

based support vector machine of regression for optimal 

design of dynamic reliability of turbine blade deformation. 

The reliability analysis of aero-engine blade was performed 

based on extreme response surface and finite element 

technique [11]. However, it is difficult to construct the 
reliability models of turbine blades experiencing low cycle 
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fatigue (LCF) loads as well as high cycle fatigue (HCF) loads 

simultaneously, which leading to the combined high and low 

cycle fatigue (CCF) failure [12-14]. Accordingly, it is 

essential that the dynamic reliability models associated with 

load application times are proposed accounting for strength 

degradation under CCF loadings in this work.  

The work is organized as follows: in section 2, dynamic 

reliability models of turbine blade with and without strength 

degradation are established by addressing the HCF loads and 

LCF loads simultaneously, and a numerical example for 

model validation and comparison of the results is performed 

in the subsequent section. Finally, section 4 shows the 

concluding remarks.  

2. The proposed Dynamic Reliability Model Under CCF 

Loadings 

The SSI has become one of most significant approaches 

to cope with mechanical reliability problems since developed 

by Freudenthal [15], which considering the randomness of 

material strength and applied load. Assuming that strength 

 and stress S are independent of each other with 

predefined distributions, and then the components or 

structures would be safe when the former is larger than the 

latter( S  ), while failure will happen ( S  ). Let the 

probability density functions (PDF) of strength and stress are 

respectively ( )f  and ( )Sf s , the reliability and failure 

rate can be therefore expressed based on SSI theory, as  

 

( ) ( )[ ( ) ]S
s

R P S f s f d ds  
+ +

−
=  =    (1) 

( ) ( )[ ( ) ]
s

f SP P S f s f d ds


  
+

−
=  =    (2) 

where ( )Sf s  and ( )f   are probability density functions 

(PDFs) of the stress and strength. 

During operation, the application of random load for m
times is equivalent to that m samples are taken from the 

population samples with respect to random load，denoted as

1 2, , , ms s s   . According to the maximum sequence, the 

reliability of components under m times random load is 

equivalently transformed to that caused by the maximum 

load of the samples, as 

max

1 2

( )

( , , , )m

P s

P s s s



  



=    
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where max 1 2max( , , , )ms s s s=   

The cumulative distribution function (CDF) of the load is

( )SF s , and the corresponding maximum load of m

samples is supposed to the equivalent stress. In this analysis, 

the PDF of equivalent stress X under the application of 

random load for m cycles is shown as  

1( ) [ ( )] ( )m

X S Sf x m F x f x−=   (4) 

Accordingly, the reliability of components under the 

application of random load for m  times can be expressed by 

combining with Eqs. (1) and (4), as 
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Note that, if 1m = , the expression of reliability in Eq. 

(5) reduces to the original form of the conventional SSI 

method. Obviously, the SSI model fails to estimate the 
fatigue reliability of components when the applied loads of 

different type is larger than one. The methodology 

abovementioned is insufficient in dealing with the dynamic 

reliability puzzles of complex mechanical components such 

as turbine blades, which subject to combined high and low 

cycle fatigue loadings [16, 17], as shown in Figure. 1. 

 
Figure 1. Load spectrum of the CCF test 

As is denoted from the load spectrum, four loading 

parameters, including low cycle loading range L and its 

loading frequency Lf , as well as high cycle loading range 

H  and the corresponding loading frequency Hf , are 

illustrated, in which the cyclic frequency ratio n  can be 

obtained by H Ln f f= . 

Note that a LCF cycle and n HCF cycles are included in 

one combined cycle block, and high cycle fatigue loading 

represented by triangular wave superimposed on the dwell 

stage of per one LCF loading denoted by trapezoidal wave. 

For gas turbine blade, loads of the same type are 

independent identically distributed, such as vibration loads 

with high frequency and small amplitude or LCF load with 

low frequency and large amplitude during operation. As 

revealed in Figure. 1, there exist a LCF cycle and n HCF 
cycles in one combined cycle block. For HCF loads, it 

approximately makes the PDFs of 

( ) ( ) ( ) ( )1 2H H H Hs s s n s hf s f s f s f s= =   = ，then the 

corresponding CDFs are

( ) ( ) ( ) ( )1 2H H H Hs s s n s hF s F s F s F s= =   = . In this regard, 

the joint distribution function of turbine blades under n type 

of HCF cycles can be obtained by 

( ) ( ) ( ) ( )

( )

1 2H H H H

H

Js h s s s n

n

s h

F s F s F s F s

F s

=   

 =  

  (6) 

Thus, the PDFs under n type of HCF cycles is written as 

( ) ( ) ( )
1

H H H

n

Js h s h s hf s n F s f s
−

 =    (7) 
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Reliability only involving HCF cycles of turbine blade 

can be obtained by the following equation 

( ) ( ) ( )
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(8) 

Assuming that major cycles of the aero-engine are 

independent, which suggesting that LCF loads of different 

types are also independent. Then the PDFs and CDFs can be 

represented by ( )sf
Ls 1

， ( )sf
Ls 2

， ， ( )sf
LNs  and 

( )sF
Ls 1

， ( )sF
Ls 2

， ， ( )sF
LNs , respectively.  

Similarly, the joint distribution function under N type of 

LCF cycles can be calculated by 

( ) ( ) ( ) ( ) ( )

( )

1 2

1

L L L Li LN

Li
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N

s

i

F s F s F s F s F s

F s
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(9) 

Accordingly, reliability of turbine blade under N type of 

LCF cycles can be obtained with LCF loads considered, as  

( ) ( )
1

Li

N

L s

i

R f F d   
+

−
=

=   (10) 

Furthermore, assuming that high cycle vibration loads 

and LCF loads are independent, and the joint distribution 

function of turbine blade under N type of combined high and 

low cycle fatigue loadings can be derived combined with 

Eqs. (6) and (9) 

( ) ( ) ( ) 
1

Li H

N
n

Js s s h

i

F s F s F s
=

 =     (11) 

Based on Eqs. (8), (10) and (11), the reliability of turbine 

blade suffering from N type of CCF cycles can be shown as 

follows 

( ) ( ) ( ) ( ) 
1

Li H

N
nN

s s

i

R f F F d    
+

−
=

 =     

(12) 

In fact, the strength of the components will continue to 

deteriorate with the number of applied cycles during 

operation, and the residual strength can be expressed by [18] 

( ) ( )0 1
c

r N D N= −    (13) 

where ( )r N  is the remaining strength for N combined cycle 

blocks, 0  is the initial strength, c is the material parameter  

According to the load spectrum of CCF test in Figure. 1, 

the combined damage of N combined cycle blocks can be 

obtained by using linear cumulative damage rule 

( )
1 1

LCF HCF LCF LCF

n n
D N N N

N N N N

   
= + = +   

   
(14)

 

where n is the equivalent number of cycles under LCF 

loading originated from HCF vibration loads for n cycles, 

LCFN  and HCFN are the number of cycles to failure of LCF 

and HCF, respectively.  

For CCF loadings, the LCF load 
Ls can be considered as 

the mean stress
ms . Especially, the cumulative damage for 

N combined block application times can be obtained from 

the perspective of the CCF loads [19] 

( )
( ) ( )1m

sN s n f s ds
D N

C



−
+
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where C is material parameter. 

Therefore, the dynamic reliability of N combined cycle 

blocks of turbine blade considering strength degradation can 

be calculated by combining with Eqs. (12) - (15), as 
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(16) 

According to the equivalent damage concept, the 

cumulative damage caused by HCF load can be transformed 

into total damage, and the reliability model in Eq. (12) can 

be further derived as one considering strength degradation, 

which provides a feasible and rational way for dealing with 

the dynamic reliability problem under CCF loadings. 

3. Numerical Example 

Aero-engine turbine blade, a complex component that 

generally subjects to combined high and low cycle fatigue 

loadings, should be taken into account in reliability 
modeling. Considering the uncertainness of material strength 

and applied CCF loads during operation, the strength, LCF 

loads as well as HCF loads are considered as random 

variables, and then the dynamic reliability with strength 

degradation can be calculated under multiply type of CCF 

loads by using (16), respectively.  

In this section, an explosive bolt is used to validate the 

proposed reliability model according to the previous work 

[19, 20]. Some material parameters are given by 2m = ,

1a = , 1 9C e= . Besides, HCF load 50H =  Mpa, and the 

variation coefficient (CV) is taken as 0.1 due to the large 

uncertainty from vibration. LCF stress distribution and 

strength distribution are ( )2~ 600,20S N  and

( )~ 600, 20N .  

In this analysis, the reliability by the proposed method 

with the ratio of high and low cycle stress frequency 100 and 
reliability based on LCF loading can be presented by using 

Eq (16), as shown in Figure 2.  
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Figure 2. Comparison between models without strength 
degradation under different loading conditions 

From Figure 2, the proposed model shows a lower 

reliability in contrast to that based on LCF loadings, for 

which it addresses the influence of CCF loadings on fatigue 

damage. 

Moreover, reliability with different cyclic frequency 
ratios is illustrated to investigate the effects of HCF stress on 

the component under CCF loadings, as shown in Figure 3. 

 
Figure 3. Comparison between models considering strength 
degradation under different loading conditions 

It can be seen from Figure. (3), the reliability calculated 

by the proposed model holds a decreasing trend with the 

growth of high and low cycle stress frequency ratios. It also 

suggests that HCF loads with low amplitude and large 

frequency contribute considerable damage to the component. 

In other words, a larger cyclic frequency ratio produces a 

higher failure rate. 

4. Conclusion 

In this study, the dynamic reliability model with strength 
degradation is proposed to investigate the reliability of 

turbine blade based on conventional SSI method under CCF 

loading conditions. The uncertainties with respect to the 

material, CCF loads are considered under combined loading 

conditions, and the effects of HCF load, LCF load as well as 

strength deterioration on the reliability are addressed in the 

developed model. According to the numerical example, the 

reliability models under CCF loads presents an obvious 

effect compared to that of LCF load, and the ratio of high and 

low cycle stress frequency offers a considerable influence on 

reliability. 
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