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Traffic flow is often thought of highly stochastic multi degrees of freedom event. Studies
have shown that it has mesoscopic dynamics, and in fact rarely a Boltzmann-Gibssian type
statistical mechanics. Instead, traffic flow should be handled within a nonadditive and
possibly nonextensive statistical mechanics framework. A platoon formation is a well-
organized collection of vehicles. The idea behind the platoon of vehicles is that the efficient
use of the infrastructure may greatly be enhanced if there is an increase in the cooperation
and organization. A well-controlled platoon of vehicles is a highly organized body of
particles where the speed of the vehicles or intervehicle spacing is aimed to be held constant
during the regular cruising conditions. It is claimed that a well-organized and controlled
platoon of vehicles is in fact a system which is weakly coupled to a heat bath, forming the
canonical ensemble. Authors propose that a platoon of vehicles at constant mean speed, even
with fluctuations, be equivalent to a system with finite degrees of freedom (dof) weakly
coupled to a much larger dof reservoir whose temperature variance is a function of its dof.
An equivalent number of vehicles concept is devised as a function of the reciprocal of the
temperature variance. It is shown that as long as the reservoir dof is much larger than the

platoon dof, the finite reservoir may then safely be assumed as an infinite reservoir.

1. Introduction

Temperature fluctuations have been an ardent discussion
topic for several decades. The old school of thermostatistics
has constructed the idea of canonical ensemble so that
system is fixed as thermometer when weakly coupled to a
thermostat. This general view has simplified the notion of
temperature of systems at least under infinite size reservoirs
[1, 2]. But another school of the same discipline rightfully
argues that one has a thermometer whose temperature is
fluctuating [3, 4]. The scope of the general view on
temperature fluctuations is elaborated in sections 1 and 2.

The idea that the system and the heat bath could and
should exchange heat would unfortunately bring about not
just temperature but energy fluctuations on finite systems as
well. While the energy and the temperature are considered
coupled for small systems, they are not so for infinite
reservoirs.

Studies have shown that vehicular traffic has mesoscopic
dynamics [5] and in fact, rarely, a Boltzmann-Gibbsian (BG)
type statistical mechanics [6-8]. When the multi-component
systems have interacting particles or subsystems, it is known
that the system dynamics deviates from BG thermostatistics.
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This paper handles the quite interesting problem of the
temperature fluctuations of the vehicle platoons in the
context of (nonadditive) statistical mechanics. We claim that
any platoon formation coupled to the finite or infinite size
heat bath, experiences the temperature (speed) fluctuations.
The fluctuations are minimum when the heat bath is an
infinite one. In this paper, we also claim that depending on
the quality of tracking control of vehicles in a given platoon,
a so-called virtual number of vehicles must be specified for
platoons of wvehicles, inversely proportional to the
temperature fluctuations.

As for the link between temperature and the velocity,
there are various approaches. One of these approaches [9],
specifies a well-defined velocity variance as some
generalized temperature. This reasoning makes sense when
the Hamiltonian is defined over the mean velocity. But when
one speaks of an ideal platoon formation, the mean velocity
is shared by all, so that when a certain kinetic energy is
present, variance, hence temperature fluctuations would
have been zero, where temperature is obviously not zero.
Another way of thinking may be found in [10], which is also
quite appropriate for a system of vehicles where the
temperature is taken to be the mean speed (e.g. the specified

E-mail address: cglrksn@gmail.com, caglar.kosun@omu.edu.tr — Tel, (+90) 3623121919

Received: 26 June 2018; Accepted: 31 September 2018



Ozdemir and Kuson - Comput. Res. Prog. Appl. Sci. Eng. Vol. 04(03), 48-54, October 2018

speed of the platoon). In this paper, the authors follow this
latter way of thinking. It will be justified later in that a
stabilized platoon of vehicles may serve as a heat bath, as
well as a system, which has a fixed, and fluctuating
temperature, respectively.

It could be noticed that the arguments on the connection
between the temperature fluctuations and nonextensivity
framework have intensified recently e.g. [11-13]. In this
regard, setting the formulations of the temperature
fluctuations of platoons of wvehicles is missing in the
literature. In this paper, the temperature fluctuations are
handled for a platoon of vehicles in contact with a heat bath.
The vehicular traffic literature indicates that there are quite a
few studies on intra-platoon vehicles. The general tendency
of the studies is on e.g. the control and communication of the
platoon vehicles, efficient use of capacity and decreasing
fuel consumption on highways. In the literature, recently for
example, the authors [14] propose a mechanism which
autonomously selects a platoon leader, eliminating the
dependence on the automated highway system. The velocity
and position information of the neighboring vehicles are
considered in this process. Their aim is to increase capacity,
and decrease the fuel consumption and travel time of the
vehicles. Their mechanism is employed in a simulation
environment and its performance is discussed. Another study
[15] is concerned with the speed planning in regard to real-
time fleet management. The efficiency of the proposed fast
algorithm is discussed and the linkage between the energy
savings and speed planning is explained. In the study [16], a
consensus based control approach for vehicle platooning is
proposed. Different from a static control topology, the
authors deal with a flexible control system. Heterogeneous
and time-varying communications delays are examined.
Stability and convergence analyses are given, and the
robustness of the approach is interpreted in the study. Such
examples of the vehicular platoon studies could be expanded.
However, so far, temperature fluctuations have not been
handled in the vehicular platoon formations coupled to a heat
bath in the literature.

The authors in this paper examine the methods governing
the temperature fluctuations literature, and propose the
methodological prescription for the temperature fluctuations
in the vehicular platoon formations. Platoon-based systems
in contact with finite or infinite reservoirs are considered,
and their set of principles is described and discussed.

2. Schools of Thought on Temperature Fluctuations in
Canonical Ensembles

The problem of the temperature fluctuations has been a
thorny issue since the canonical ensemble framework had
been formulated by Gibbs, following the original work by
Boltzmann, [17]. It may safely be said that the original idea
with the canonical ensemble is to have a small system,
weakly coupled to a heat bath, as a thermometer, where the
temperature of the latter is fixed. For the elucidation of the
temperature fluctuations in canonical ensembles, this section
exhibits a certain number of schools of thought as follows.

In literature, a considerable number of studies deals with
the temperature fluctuations and a clash of ideas has
emerged. Of those studies, e.g. a widely known study [18]
interprets the temperature fluctuations in detail and, for
example, exhibits a common equation which involves mean
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square fluctuations of temperature and heat capacity. In
another representative study [19], the authors measured the
temperature fluctuations in canonical ensemble with
experiments.

For the temperature fluctuations, one more notable
example is the work done by Kittel who emphatically
asserted the notion of energy fluctuations in the systems in
canonical ensembles, excluding those of temperature [1, 2].
Kittel [2] states that temperature is unambiguously defined
for a system in thermal equilibrium with a heat bath and
argued that the temperature fluctuations would not occur and
temperature is fixed in the canonical ensemble, while energy
fluctuations would do. Kittel [2] also states that it is
inappropriate to fiddle with the orthodox view of the Gibbs
and others. However, there had been a collection of
objections since then, two of which belong to Mandelbrot
[20] where the temperature of the system would stem from
the estimates, by designating temperature fluctuation as “a
well-defined and unavoidable notion”, and McFee [3].

The approach as advocated by both Mandelbrot [20] and
Falcioni et al. [21] considers temperature somewhat ill-
defined. For small systems, in Mandelbrot’s own words [20],
a fog of uncertainty is unavoidable. One good method then
is to measure the system energy in order to estimate the heat
bath temperature, which translates that the problem of
determination of the temperature of a small system is nothing
but an estimation problem that could be handled within the
estimation theory [22]. Falcioni et al. [21] also addressed that
the temperature fluctuations would be based on the
temperature estimates. The authors express that once the
number of particles grows to infinity, the uncertainty in the
estimate of temperature would tend to zero and the system
could also be thought as a reservoir with a definite
temperature. Furthermore, when Lindhard [23] discusses
“the assertion of Rosenfeld”” with respect to the relationship
between the fluctuations of temperature and energy, the
author mentions that the canonical ensemble would possess
an exact temperature.

Mandelbrot [20], as mentioned in [21], has pointed out
that estimation theory may be of help at specifying the
temperature of a thermostat, with a sufficient number of
measurements.

AT Joi 1
T T /RN +1D) @

where X is the independent measurements, N stands for the
number of particles and AT defines the fluctuation estimate
[21].

Another school takes the temperature fluctuations as a
natural extension of statistical mechanics when system size
becomes an issue. Spontaneous energy exchange between
the system and the thermostat is what makes the temperature
of the small system fluctuate, whereas for the heat bath this
exchange is negligible, such as [3] and [24]. McFee [3]
studies temperature fluctuations on small systems and argues
that there is a relationship between the system size and
temperature i.e. as the system grows, its average temperature
tends to fixed temperature. McFee [4] also discusses average
temperature and comments that temperature will fluctuate,
but average of the inverse temperature will correspond to
inverse of the reservoir temperature, and thus it would be
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invariant. Stodolsky [25] also discussed the temperature
fluctuations of a system in connection with its total heat
capacity considering multiparticle production.

Recently, the authors [22] listed the different views on
temperature fluctuations. The authors address the notion of
temperature fluctuations within especially the ideas of
Landau & Lifshitz [18] and Kittel [1, 2]. Moreover, the other
standpoint in [22] is also related with the temperature
estimation that can be understood as a fluctuation [20, 21].
In the literature, temperature fluctuations may be formulated
asin [18, 19, 22] in line with [24], such that

<(ATY?>  k
(T,)> ~ NC? )

where T, is the reservoir temperature, < --- >, the canonical
ensemble average, k, Boltzmann’s constant, C2, the heat
capacity (per particle) under constant volume and AT
denotes the fluctuation of the reservoir temperature from the
canonical temperature.

In another typical study [26], it is stated that the problem
of temperature fluctuations of small systems in canonical
systems may be traced back to Brownian motion. In their
study, the authors also argue the equilibrium
thermodynamics of a mesoscopic system in contact with a
heat bath at a given temperature. Specific system
configurations and time are considered in the evaluation of
energy and temperature fluctuations, and the ergodic
composition is one of the main arguments in that paper.

It is commonly expected that in equilibrium statistical
mechanics the thermostat temperature would be invariant
when a subsystem coupled with the infinite heat bath.
However, when taking into account finite heat bath, Prosper
[24] expressed that the temperature fluctuations would be
pronounced. In this respect, systems could be in contact with
finite heat baths and their thermostatistics would implicate
power law distributions such as in [11]. The connection
between the temperature fluctuations and nonextensivity
parameter q is exhibited e.g. [13, 27, 28].

The number of particles i.e. dofs significantly influences
the fluctuations. Potiguar & Costa [12] consider that systems
coupled with finite heat baths have power law distributions.
With respect to this argument, for example, Adib et al. [29]
state that the violation of the condition of infinite heat bath
capacity follows the Tsallis thermostatistics. The derivative
of the heat bath inverse temperature with respect to energy is
related with the Tsallis q parameter, which implies the power
law canonical distributions [29-31]. Once the infinite heat
capacity conditions are in question, the q parameter would
be equal to unity, covering the BG canonical distribution.
The most recent paper [8] asserts that the q parameter of the
perfectly coordinated platoon of the moving vehicles
matches the unity, which would implicitly propound that the
platoon is being transformed from a small system to an
infinite thermostat.

The recent work [13] deals with the general deformed
entropy formula considering the finite reservoir with
fluctuations. The huge fluctuations are evaluated in the limit,
and the canonical probability distribution function is at issue
and for high probabilities the distribution matches the
Boltzmannian exponential function, whereas for low
probabilities it approaches the cumulative Gompertz one.
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The macroscopic thermodynamics of the system in contact
with the heat bath in equilibrium is presented from the
perspective of power law distributions [32]. Wilk &
Wrhodarczyk [33] point out that the connection between the
nonextensivity parameter g and some specific intrinsic
fluctuations of the temperature in the hadronizing system.
Power-like behavior is discussed within the context of
fluctuations in a multiparticle production process. The
equivalence of temperature and volume fluctuations is
indicated when the total energy is held constant. One may
also find the relationship between the parameter g and
relative variance of inverse temperature for example in [34].

3. Setting the Stage for the Vehicular Platoon
Temperatures

3.1. Methodological Background

A platoon of vehicles in traffic, weakly coupled to an
imaginary traffic reservoir could be formed as a canonical
ensemble where the platoon experiences temperature (speed)
fluctuations. As the speed fluctuations tend to zero, a system
of the platoon of vehicles begins to act like a reservoir itself,
becoming an infinite degree of freedom reservoir at zero
fluctuations. In this paper, the authors set the vehicular
platoon temperatures, formulating the effective number
particles at first.

The formulation of the reservoir and system (platoon)
temperatures are defined, and the relationship between them
is proposed in terms of Tsallis entropic indices. The
mathematical difference of the average temperatures of the
platoon and finite reservoir is also expressed.

As displayed in the following section, the platoon
formation is characterized. The speed of the vehicular
platoon formation is identified as temperature, and the speed
and number of vehicles become the focal variables for the
preparation of methodological prescription of this paper.

Interaction and information exchange in the framework
of nonextensive thermostatistical reasoning are also adapted
in the temperature fluctuations. This is also related with the
violation of the infinite heat capacity. In this context, if a
perfectly controlled platoon formation emerges, the platoon
itself starts acting like infinite heat bath whose temperature
does not fluctuate. This is also a limiting case for the current
approach.

Furthermore, once a finite reservoir is sufficiently larger
than a platoon coupled to it, then the larger reservoir acts like
an infinite one. The formulation for this case is also given for
both the platoon and heat bath.

3.2. Mathematical Formulation

One notices that there is a very close analogy between
traffic platoons and heat baths. A well-controlled platoon
acts like an infinite reservoir whose temperature is fixed.
Such a platoon may act as a reference for other relatively
poorly controlled platoons. In this respect, one instantly
notes that the dof of a platoon is not directly proportional to
its actual number of wvehicles. The interactions and
information exchange determine the effective (or virtual)
number of particles. This is to say that two finite but different
number of vehicle platoons, when well-controlled, become
infinite number of degree of freedom heat baths. The level of
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information exchange, or interactions, now indicates this so-
called virtual number of vehicles, which is quite different
from the actual number of vehicles.

For example, let us propose this virtual number of
vehicles, Eq. (3), N* as

1
N*=F) Var(T) (3)
where T is temperature, and Var(T) is the temperature
variance, for f(T,.) please refer to Theorem 4.2
But since [27, 28]
Var(T) 1
Tz 17T, 4

where q is the Tsallis entropic index, C,, is the heat capacity
under constant volume. Please note that this equation is
applicable for both system and the reservoir. This expression
will be revised for m > n in section 4.

After rearranging Eq. (4),

_ C, _ 1
T (T)? (g — 1)(T)? (%)
Please note that this virtual dof tends to infinite reservoir
dof as g tends to 1.

A platoon of vehicles, coupled to a heat bath (another
platoon, for example), will have an average temperature
based on their dof, Eq. (6), [24]

N*

n(m—1)

{Tp) = Tr (n—1D(m+n)

(6)
where m and n are virtual number of vehicles of reservoir and
system, respectively. Ty is the (canonical) temperature of an
infinite reservoir. (T,) is the average temperature for the
platoon (system).

(T:)

RCTD) ™

(T,) is the average temperature for the finite reservoir [24].
with variance

n
Var(T,) =(T)>— form »n

(8)

m2
Since for m > n, Eq. (6) is basically rearranged as

n m-—1

<Tp) ETRm m

©)

In this paper, the authors propose the following
expression Eq. (10) for the platoon and infinite heat bath
temperatures.

p
(T,) =2Tp—=T,
= Trg, = Tty (10)
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where g, and g, are the Tsallis entropic indices for platoon
and reservoir, respectively. And

qr
Tr = (T,) —
g (11)
which replaces the expression given by [35].
KTy 1)) = |1y 2Dy T
P Tl Rm=-1Dm+n) fm+al (12)
AT = [(T,) = (T,)| = T —e
=) =T =Ty 13)
AT = T, m 1 =T, ! >
T Rmn-1" fn-1 for m>mn (14)
i.e.
Ty
A= (15)
Tk Ty
nEarTarGot Y (16)
_ Ty Var(T,)
“arCirye tY (17)
Or
AT = — DT,
(qp ) R (18)

4. Temperature Fluctuations in Platoons of Vehicles and
Results

The resources in traffic are quite limited. The future
tendency may have a broader cooperation of vehicles so that
well-organized groups of vehicles are controlled and moved
aiming to avoid traffic congestion and hoping to improve the
overall efficiency [8]. This well-coordinated movement of
vehicles is meant to have a better control of the highway
traffic, directed to such amenities as fluent traffic, fuel
economy, automated control of vehicles, safety, desirable car
following behavior etc. An organized group of vehicles is
called a platoon formation where the vehicles are formed in
a linear, or planar array [8]. As displayed in [8], one lane and
multilane platoon formations are represented in Figure 1. and
Figure 2, respectively.

Definition 4.1. Let the platoon formation is characterized by
the states which are clearance (C), sideway (S), and the speed
(V), so that Q(C,S,V)e RMDKjs the combined state
vector, please consider Figure 1 and Figure 2, where an m-
by-n platoon as a many-body system has (m-1) x(n-1)
planar dof and k designates the total number of vehicles, as
previously presented in [8]. The general linear platoon
formation P(C,V)e RMV* D may pe described as a
matrix.
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CizAC, CxAC,

o O v Y N* = f(TT)—Z * Na for N* > Na (19)
: — : (T -T,)%)
S1mg Simg B0 - - - BED <1
Figure 1. Representation of one lane vehicular platoon formation N*=virtual number of vehicles of the given platoon, and N,

actual number of vehicles of the given platoon.
C2AC, CxAC,
P Proof Write the fluctuations for the system

Stas{___gnl EE! an P an' -]
EAS o T - T T T T LT <(AT)? > &k
CECD ED EDD - - EBCD < <@n’>_k (20)
Szt-'-\Sz[ ————————————— T? C,
Em g (S 1y B0 <3
P C, is the specific heat at T,.. Define C, as NC2, where C? is
. the specific heat per particle, so that the new equation
Figure 2. Representation of multilane vehicular platoon formation becomes
2
Canc, < (AT)* > _ k 1)
T T? NC?
S S S G B Extracting N gives
Sas - = 2L | T = B 2
e Tame o KT 22)
————————— T < (AT)2 > ¢Q
Reservoir Multilane platoon formation Or
Figure 3. Representation of the canonical ensemble in terms of 1
platoon of vehicles N* = £(T (23)
r=fT)Z @an? >
Definition 4.2. Let the speed of the platoon formation be T2
identified as temperature, and that temperature is that of a where f(T;.) = C—g
heat bath in a canonical ensemble context. Definition 4.6. Consider a small system weakly coupled to
Definition 4.3. A system of platoon formation is weakly an infinite degree of freedom heat bath. The small system
coupled to another platoon of vehicles of certain finite size exchanges heat with the heat bath, causing energy
together which form a canonical ensemble (Figure 3). fluctuations. Since [30, 36]
Definition 4.4. Let the ideal platoon formation be aT 24
approached in the limit. Then the general planar platoon 3 1~ 1 (24)
i (m-1)x(n-1) . .
formation,  P(C,S)€ R _ where an m—by-n for an infinite heat bath, reservoir temperature stays
platoon body would act as a single body, resulting in zero constant, whereas temperature fluctuates in the small system.
dof _Of_ motlon solid object in plane [8]. _ Lemma 4.2. A given small system experiences the minimum
Definition 4.5. The temperature of the platoon of vehicles of temperature fluctuations when coupled to an infinite degree
the system is defined by the larger platoon of vehicles called of freedom heat bath i.e. small system temperature fluctuates
the heat bath whose virtual dof (number of particles) is even under infinite dof heat bath. Finite reservoirs would
considerably larger than the system, if not infinite. cause larger fluctuations on coupled systems.
Lemma 4.1. It should be noted that if the condition of an T2
infinite heat bath capacity is violated, the resulting canonical inf{< (AT)? > |N, = 0} =< (AT)? >= — (25)
distribution can no longer be of the exponential type and v
therefore should not follow the traditional BG where T, , N, are the heat bath temperature, and number of
thermostatistics [12, 29]. By virtue of the Kosun—Ozdemir particles, respectively.

platoon interval [8], Tsallis g index remains limited to 3>g>1

for platoon-based vehicle or any other agent formations. Lemma 4.3 By virtue of Definition 4.6, any small system

coupled to a heat bath must have a Tsallis g value, other than

Theorem 4.1. Interactions and information exchange 1.

determine the effective (or virtual) number of particles i.e. Theorem 4.3. As an ideal platoon formation is approached,
dof. Once the platoon is perfectly controlled with no fluctuations (errors) in speeds (also in clearances) tend to
fluctuations, the influence of the physical number of particles zero. Then successive speed error readings are expected to
on the temperature fluctuations would be irrelevant. locally relax to equilibrium at longer intervals. This state is
Theorem 4.2. Let each platoon be represented by a virtual the limiting case for any multi-component system, where all
number of particles (dof, or vehicles) which is separate from the dof is lost at g =1, and for all the real platoon
the actual number of vehicles. This virtual number of formations, g > 1, as explicitly stated in [8] and restated
vehicles is a function of temperature fluctuations so that here.

Theorem 4.4. If the finite reservoir is sufficiently larger than
the platoon coupled to it, then the reservoir acts like an
infinite one.
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Proof. In the light of Eq. (8) and Eq. (4), the following
expression appears

Var(T,) _ n

e S

m2 (26)

which tends to zero for m > n.

Corollary 4.1. By the same token, if the finite reservoir is
sufficiently larger than the platoon coupled to it, the virtual
number of dof of the finite reservoir tends to infinity. Also,

Nj~m?/nT? 27

Lemma 4.4. If the finite reservoir is sufficiently larger than
the platoon (m > n) coupled to it, Eq. (2) is revised for both
platoon and the heat bath as follows

Var(T,) d Var(Tg) _k
Wten sto W—C—Rform»n (28)
Var(T,) Var(T,) k
W tends to W = C—pfOT m>n (29)

where C,, and Cy denote the platoon and canonical reservoir
heat capacities, respectively.

Please note that as T;. tends to Ty in Eg. (28), the platoon
temperature T,, remains unchanged as m tends to infinity in
Eqg. (29).

In summary, all of the available temperature fluctuation
models in the literature are intended to be scoured. The
authors were aware that there is no unique universal
temperature fluctuation model. Having seen that there is no
consensus on a model over temperature fluctuations, the
authors tried to obtain a traffic platoon model of their own.
In the model, within a canonical ensemble context,
discussions on a finite system with an infinite reservoir and
a finite system with a much larger but finite reservoir are
provided.

In general, there are two schools of thought that could be
compared. On one hand, Kittel’s view states that temperature
fluctuations for finite systems in canonical ensembles do not
occur, e.g. [1].

On the other hand, for example McFee states that
temperature fluctuations for finite systems exist and well-
posed, e.g. [3]. The other examples e.g. [12, 24, 30, 36] are
also relevant for canonical ensemble with the finite heat bath
approach, in line with the latter school of thought. These
studies and our paper share the common assumptions since
even if the system is coupled to an infinite degree of freedom
reservoir, the system temperature fluctuates.

A more suitable example for our argument of a finite heat
bath is first expressed by [11] where Tsallis generalized
canonical distribution describes systems in contact with a
finite heat bath which prevails in practice. However, the
model for temperature fluctuations in this respect has not
been implemented in vehicular traffic flow arena, and our
study endeavored to do this.

5. Conclusions

The ramifications of temperature fluctuations concerning
platoons of vehicles have been discussed. The prevalent
views of different of schools of thought on temperature
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fluctuations were reviewed, and their connection to platoons
of vehicles was elaborated. It is seen that a platoon of
vehicles is in fact a system of finite vehicles in contact with
a larger reservoir, which sets the average speed (temperature)
for this small system, where the temperatures of both system
and reservoir fluctuate. This small system and the reservoir
have been assumed to form the canonical ensemble.

A so-called virtual number of vehicles is defined in terms
of the 2" moment of temperature fluctuations. A series of
lemmas and definitions were given, a series of theorems was
proposed. It is stated that infinite reservoirs set the
temperature for the platoons. One conclusion out of this is
that as the platoons are controlled better and better, their
speeds tend to the specified constants so that these platoons
themselves start acting like infinite heat baths whose
temperatures do not fluctuate. The authors hence claim that
a well-controlled or well-organized platoon of vehicles is
itself a heat bath which is able to keep its temperature
constant.

Furthermore, two distinct g indices for the platoon and
heat bath are specified. The sizes of both the system and the
reservoir are decisive in the nature of the canonical
ensemble. For example, if the finite reservoir is much larger
than the platoon coupled to it, then the reservoir may safely
be assumed to be an infinite one. In this respect, the
temperature of the finite reservoir tends to the infinite
reservoir temperature.
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